The Distributive Property

Any successful sports team must practise. Often a practice begins with a
warm-up. Suppose the coach tells her players to run the perimeter

of the field. How can you use algebra to write an expression for the
total distance? Is there more than one way to do this?

James claims, “I can calculate the perimeter of the field by using the
formula P = 2(I + w).”

Sylvie replies, “That’s not right, James. The correct formula is
P=2]+2w”

Who is correct, James or Sylvie? Can they both be right?

Investigate
[,, Tools How can you simplify algebraic expressions involving
= algebra tiles multiplication?

The area of a rectangle can be expressed as the
product of its width and length:

w
A=wxl
3 x+1
A=2x3 A=2(x+ 1) The dimensions of algebra tiles:

= =2x+2

g |

1

160 MHR - Chapter 3



1. Copy and complete the table. Use algebra tiles to help.

Rectangle Width Length ;q:a;tfqu
2 x+1 2x+ 2 2X (x+1)=2x+2
X X2+ 2x
2x 2x+3
Create your own

2. Look at the last column. Describe how you can start with the
expression on the left side of the equation and get the expression
on the right side.

w

. Use the technique from step 2 to multiply the following.
a) 4(x + 3)
b) x(2x + 7)
¢ 3x(x + 2)

'y

. Reflect Create an example and use it to explain how you can
multiply a monomial by a polynomial.
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distributive property
AN

ea(x+y)=ax+ay

C\t’mnections
When you apply the
distributive property, you are
expanding an expression.
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Suppose that you have three dimes and three nickels.

TR
G g

ChAmpD

The total amount can be expressed different ways:

3(10) + 3(5)

FTK_/T,"'\ ET'_"\{,\ FTF/T,‘A\
é-u&;? L)) Ly
v’ ChA

=30 + 15 i) \\J/ i)
= 45
3(10 + 5)
= 3(15)
= 45

Whether you use 3(10) + 3(5) or 3(10 + 5), the result is 45¢. What
does this tell you about these two numeric expressions?

Some algebraic expressions cannot be simplified using the second
method. Reflect on the situations when you cannot simplify an
expression. Suppose you add two nickels to a pile of nickels. The

value of the nickels can be modelled by 5(x + 2), where x is the number
of nickels in the original pile.

5(x + 2)

You cannot add x + 2 because they are not like terms. However,
you can multiply the 5 by both terms in the binomial:

This is called the distributive property.

Example 1 Apply the Distributive Property

[
Expand.
a) 3(x + 2) b) —5(4m — 3)
) 2y + 5)(—4) d) 2(5a%>— 7a + 2)
Solution
AN
a) 3(x+2) To apply the distributive
= 3(x) + 3(2) property, | need to multiply both
=3x+ 6 terms in the brackets by 3.




b) Method 1: Show the Distributive Step o )
When | distribute a negative

—5(4m — 3) term, | must follow the integer
rules for multiplication.

= —5(4m + (—3))

= (—=5)(4m) + (—5)(—3) Remember to keep the negative sign when you are
distributing.

= —20m + 15

Method 2: Apply the Distributive Step Mentally

—5(4m — 3) (=5) x 4m = —20m
= —20m + 15 (=5) x(=3)=15

¢) The monomial is usually written before the polynomial, but
sometimes it appears after. Apply the distributive property in
the same way.

N
(2y + 5)(—4)
= 2y(—4) + 5(—4)
= —8y + (—20)
= —8y — 20

d) You can also apply the distributive property to trinomials.

2(5a% — 7a + 2)
= 10a% — 14a + 4

The distributive property can be applied to polynomials with any
number of terms.

Example 2 Distribute Variables

n
Simplify using the distributive property.
a) x(x — 3) b) p(p? — 2p + 1)
Solution
a) x(x-—3) To multiply variables, | b) plp®>—2p+1) | need to use the
= x(x) + x(—3) need to use the exponent =p*—2p2+p product rule.
= x2 — 3x laws. The product rule is pxp2=pl+2
XUXXD=XG+D. =p3

The distributive property allows you to simplify complicated
expressions.
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Example 3 Expand and Simplify Expressions

Expand and simplify.

a) —4(x +3)+ 2(2x — 1)
b) 3m(m — 5) — (2m? — m)

1 2
¢ - 2w—-—6)— —(9w — 6
) 5 ( ) 3 ( )
Solution
a) —4(x+3)+2(2x—-1) Apply the distributive property first to

= —4(x) — 4(3) + 2(2x) + 2(—1) remove brackets. Then, collect like terms.
—4x — 12 + 4x — 2

—4x + 4x — 12 — 2

= —14

b) Method 1: Add the Opposite Polynomial

3m(m — 5) — (2m? — m)

=3m(m — 5) + (—2m? + m) —2m2 + mis the
=3m? — 15m — 2m? + m opposite of 2m2 — m.
=3m? - 2m? — 15m + m

= m? — 14m

Method 2: Distribute —1
3m(m — 5) — (2m? — m)

AN )

=3m(m — 5) + (=1)2m* — m) Multiplying a polynomial by —1
=3m? — 15m — 2m? + m produces the opposite polynomial:
= m’ — 14m (-1)@m2 - m) = —2m2+ m

1

) E(ZW—G)— — (9w — 6)

11 1 3 23 2 2
=—(2w) + —(=6) — —(9w) — (=6

Z( ) Z( ) 3( ) 3( )

1 1 1

=1(1w) + 1(—3) — 2(3w) — 2(—2)
=w—3—6w+ 4
= 5w+ 1



Example 4 Nested Brackets

Expand and simplify.
3[2 + 5(2k — 1)]

Solution

When simplifying expressions involving nested brackets, begin
with the inner brackets and work your way outward.

3[2 + 5(2k — 1)] Simplify the inner

= 3(2 + 10k — 5) b‘racl.<ets.bef0re
distributing the 3.
= 3(10k — 3)

=30k—9

— Key Concepts

= The distributive property allows you to expand algebraic
expressions:
alx + y) = ax + ay

e When distributing, multiply the monomial by each term
in the polynomial.

e Multiply numerical coefficients.

e Apply exponent laws to variables.

Communicate Your Understanding

Consider the expression 3(x + 5). Why do you need to use the
distributive property? Why can you not just add the terms in the
brackets first?

@& Explain the distributive property. Create an example to support
your explanation.

@ Dmitri simplified the following expression, as shown:

3x(x + 2)
= 3x + 2x
= bx

a) Explain the errors in Dmitri’s solution and how to correct them.

b) How can you prove that Dmitri’s answer is not correct?

@@ Explain why the following simplification is incorrect.
(x* — 3x + 1)(—5)
=x2—-3x—4

@@ Describe the steps you must follow to simplify the expression
3[x + 2(x — 1)].

C‘tl)nnections
When you distribute a handout
in class, you give one copy to
each student. Similarly, when
you use the distributive
property, the term in front of
the brackets is multiplied by,
or given to, each term inside
the brackets..
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Practise
For help with questions 1 to 3, see Example 1.
1. Which expression shows —3(x + 5) expanded?
A —3x+ 15 B —3x+5
C -3x—-38 D —3x—15
2. Use algebra tiles, virtual algebra tiles, or a diagram to model and
simplify each expression.
a) 2(x + 3) b) x(x + 4)
¢ 3(x+ 1)+ 2(x+5)

3. Expand, using the distributive property.

a) 4(x + 2) b) 5(k — 3)
0 —2(y+ 1) d) —8(2 — d)
e) 5(2t — 3) f) —(4y - 5)

For questions 4 and 5, see Example 2.

4. Expand.
a) yly — 4) b) r(r + 5)
) x(2x — 5) d) q(—4q + 8)
e) z(—3z + 2) f) m(—m — 5)
5. Expand.
a) 2b(3b — 5) b) 3v(8v + 7)
¢ —4w(Bw — 1) d) —6m(—m — 5)
e) 2q(—4q + 3) f) —3d(—d + 2)
6. Expand using the distributive property.
a) (n —5) X4 b) 2p +4) X9
¢) (7m + 6) X (—4) d) (7 + ¢)(3¢)
e) (3 —6w)(—2) f) (4k + 7)(—3Kk)
7. Expand.
a) 2(a® + 5a + 3) b) —3(2n% — 8n + 5)
¢) 4k(k*+ k- 3) d) —5h(3h? — 7h — 2)
e) (x> — 5x + 2)(—3) f) (2y% + 3y — 1)(4y)
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For help with question 8, see Example 3.
8. Expand and simplify.
a) 3(x + 2) + 4(x — 5) b) —4(y + 1) + 2(2y — 3)
¢ 20(u+v)—3u—v) d) 4w — 2) — 202w + 7)
e) —3(a+hb)—2(a—b) f) 20p—q+2(-p+q)
For help with question 9, see Example 4.

9. Expand and simplify.

a) 3[x + 2(x — 4)] b) 5(2(y — 1) — 3]

o 3[2k— (2 + K] d) 4[-3(r — 5) + 21}

e) 2[—h — 2(h — 1)] f) —3[2(p + 2) — 3p]
Connect and Apply

10. A computer repair technician charges $50 per visit plus $30/h for
house calls.

a) Write an algebraic expression that describes the service charge for
one household visit.

b) Use your expression to find the total service charge for a 2.5-h
repair job.

¢) Suppose all charges are doubled for evenings, weekends, and
holidays. Write a simplified expression for these service charges.

d) Use your simplified expression from part c) to calculate the cost
for a 2.5-h repair job on a holiday. Does this answer make sense?
Explain.

11. Who is right? Use examples to explain your answer.

That's nhot
alw ays

Jou khow,
j_udni'td‘;
when you are
simplifying dan
expression,

yoy must

follow the
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12.

13.

14.

15.

16.

The formula for the area of a trapezoid is

A= %(a+b)h

Apply the distributive property twice to write this formula in
another way.

A garden has dimensions as shown.

3x+1
[ T T T T T T T
e @ gl
] ,@:~[@:§ @ @ H 2x
[ T T T T T T T

a) Find a simplified expression for the perimeter.

b) Find a simplified expression for the area.

¢) Repeat parts a) and b) if both the length and width are tripled.
d) Has this tripled the perimeter? Justify your answer.

e) Has this tripled the area? Justify your answer.

Is the distributive property true for numerical expressions
(expressions without variables)? Make a prediction. Then, create
some numerical expressions and explore this. Describe any
conclusions that you reach.

Expand and simplify.

a) 2(x — 3) + 3(x +5)

b) 3(k —4) — 2(k + 1)

¢) 0.2p(p —5) + 0.4p(3p — 2)

d) —4h(h + 2) + h(2h — 3)

&) 5/(j - 3) — (272 - 3))

f) —0.7w(2w — 3) — 0.6w(w + 3)

g 3(y—2)—2(4—2y)+(6 -7y

h) 4k(k — 3) — 2(k* — 3k + 4) — (k* — 5)

Expand and simplify.

a) %(3(1 + 2) + %(4(1 - 2)

1 1
b) E(X -2y + §(3Y — 2X)
2 3
) 5(31'1'1 - 2) — 1(81’11 - 2)
1 3
d) —Z(4u — 3v) — E(ﬁu — 10v)



B Achievement Check

17. a) Find a simplified expression for the perimeter of each figure.
Use algebra tiles if you wish.

2x — 1 3x+1 3w -2
X 2x =1

2x+1 ex+1 20 — 4x

2x+3

2w +3
b) A rectangle has length 2x — 1 and width 8 — 2x. What is unusual
about the perimeter?

. ¢) For what value of x is the rectangle in part b) also a square?

Extend
18. Expand and simplify.
a) 2m[m — 3(m + 2)]
b) —3pl2p(p + 4) + p?]
¢ 2[3 + 2(x — 6)] + 3[-2(x — 5) + 8]
d) —3[2 - (y—5)] — 4By +1) - (6~ y(-2)

19. How do you distribute a binomial? Consider the following product Makirag
onnections

of two binomials:
You will multiply binomials in

(x + 3)(2x — 2) grade 10 and beyond as a
Distribute the (x + 3) to each term in the second binomial to form method of simplifying
an expression consisting of two products: polynomial expressions.

(x + 3)(2x) + (x + 3)(—2)

a) Simplify this expression. Check to see that your result appears to
be equivalent to the original expression, by substituting values
into both expressions.

b) Make up your own question similar to this and simplity it.

¢) Can you see an easier way to expand the product of two
binomials? Find and explain an easier method.

20. Expand and simplify. Check to see if your result is correct.
If you need a hint, look at the method from question 19.

(kK + 1)k — 2k —1)

1 X
21. Math Contest If <2) = 0.015 625, determine the value of x.
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Use Technology

7+ | Tools
= TI-89 calculators

" Technology Tip
Before you start doing
calculations, clear the
calculator's memory.

Press for [F6] to

display the Clean Up menu.

Select 2:NewProb. Press

)

" Technology Tip
Note that you use a different
button for leading negative
signs((© ), asinthe —=51in
question 2 part c), than the
subtraction button ( — ).
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Computer Algebra Systems

A computer algebra system (CAS) is a type of calculator or computer
software that can perform algebraic functions. They are sometimes called
symbolic manipulators. You can investigate many of the skills that you
have learned in this chapter using CAS systems.

Investigate A

How can you learn about a CAS?

TI-89 Titanium

function keys

key

ey

variable keys

key




1. Press the key to turn [n.‘l’ Fe- Irsz ruv'[ FE ] FG- ‘I ]
Todls|A13cbrajCale|ither [Frami0|Clsan U

the calculator on. If you
do not see the Home
screen, as shown, press

the key.

MAIN EAD AUTO FUNC 0lz0

. Perform some basic calculations to get familiar with the Fi| Fer [Fac| Fu- T Ft TEx
Tools|a13bralCatz]other|Frarminjcican Ue

keyboard and display. Follow the keystrokes shown.

a) 3(6 — 4)°

30JC6(=) 4256
b) m (2.5)2

Cr) (325 ()26 = 96
) —5-— \/é RAD AUTO FUNC 1720

ERHED ED EDLIED )

. Explore the Function keys at the top of the keypad.

a) Press to see the TI-89 Tools menu. Identify at
least three commands that you recognize from
working on a computer. Use the up and down cursor
keys to see more commands.

b) Press to see the algebra functions that the TI-89
can perform. Identify two commands that you
recognize from this chapter and two that you do not
recognize.

Fi=
Othgr

opd H=..

=1

¢) You can also use the left and right cursor keys to see the
different function menus. Scroll over to see the menus of F3
and F4. You will learn about these functions in future
mathematics courses.

d) Clean up the home screen:
e Press [F6] to display the Clean Up menu.
e Select 2:NewProb.
e Press Even),
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Use Technology

Technology Tip

Note the nested brackets
required in this command
line. If you get an error
message, check that you
have the same number of
open and close brackets, and
that they are placed
correctly.
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Investigate B

How can you use a CAS to simplify and expand expressions?

1. Collect like terms for the
expression 2x + 3y — x — 5y.
e Type the expression 2x + 3y

— X — 5Yy.
e Press [Ever),

2. Use the CAS to collect like
terms for each expression.

a) 3y — 2x + bx — 3y
b) x>+ 3x — 2 — 6x + 3x°

¢) Create your own expression.

3. Expand 4(2x — 3) using the
distributive property.
e Press ().
e Select 3:expand(.
e Type the expression.
e Press () ).
e Press [Eved),

Fir| F2» |F3«| Fi= | FE F&=
Tools|A13ckra|Cale|0ther [Framl0{Clean Ug

= HewFrokb Done
'2 ::{+3 y—x—-9-y w2y
: I kﬂ[l AUTO FUMC 2430

Fi-| Fe- F&=
Tools|A13ckra|Cale|0ther [Framl0{Clean Ug

F2=]| F4= | FE

= HewProb Done

®expand(d-[2-x - 3))

g2-x-12

#pandod®2 22
HIII KAD |'1IJTI:I ZEQ R

4. Use a CAS to simplify using the distributive property.

a) —2z(3z — 5)

Investigate C

b) 3(4x — 7y) — 2(3x — 2y)

¢) Create your own expression.

How can you verify the exponent laws?

1. a) Use a CAS to illustrate the
product rule of exponents
by entering the expression
yEXye

b) Create two of your own
examples to illustrate the
product rule using a CAS.

Fir| F2» |F3«| Fi= | FE F&=
Tools|A13cbra|Cale|0ther [Framl0{Clean Ug

= NewProb
3

=y

'H_f
"
-]

= expar‘ud[u "y
expand g2y’
MAlN EAD AUTO SEQ 2430

2. You can also evaluate expressions involving powers, such as

y* X y3 when y = 3.



Press (v J)(~)2(x) 3=

Use this feature to evaluate

8
a) y*® x y* when y = 4 b) 275 when z = =5

4 7 z
X X X 2
when x = —

x° 3

0

3. Design your own method for verifying either the quotient rule or
the power of a power rule for exponents. Describe your steps,
keystrokes, and screen outputs.

Investigate D

How can you explore an unknown function?

Many of the functions of the CAS will be unknown to you at this level.
Several of them you will learn about in future mathematics courses,
but in this section you will have the opportunity to experiment and
learn a little about some of these “mystery” functions.

1. a) Clear the home screen. Press for [F6] to display the
Clean Up menu. Select 2:NewProb and press Eve.
b) Use the Expand command to simplify the expression 3(x + 4).
¢) Factor the result:

e Press (2 ).
e Select 2:Factor(.
e Type 3x + 12.

What does the Factor
function do?

e Press (1 ).
e Press Even),
d) Write down the result. What do you notice?
2. Repeat step 1 for each expression. Makirag -
a) y(2y — 3) b) 5z(2z — 1) onnections
You will learn about factoring

3. Explain what the Factor command seems to do. How does it seem

in grade 10.
to be related to the Expand command?

4. a) Repeat step 1 for the expression 2(2x + 6).
b) Is the factored result what you expected? Explain.
¢) Create a few examples of your own. Describe what you discover.

5. Explore some of the unknown features of the TI-89. Try to figure
out what one of them does. Write a brief report of your findings.
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